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Hopf Bifurcation Calculations for a Symmetric
Airfoil in Transonic Flow

K. J. Badcock,∗ M. A. Woodgate,† and B. E. Richards‡

University of Glasgow, Glasgow, Scotland G12 8QQ, United Kingdom

The application of a sparse matrix solver for the direct calculation of Hopf bifurcation points arising for an airfoil
moving in pitch and plunge in a transonic flow is considered. The iteration scheme for solving the Hopf equations
is based on a modified Newton’s method. Direct solution of the linear system for the updates has previously been
restrictive for application of the method, and the sparse solver overcomes this limitation. Results of experiments
with the approximation to the Jacobian matrix driving the iteration to convergence are presented. Finally, it is
shown that an entire flutter boundary for the NACA0012 airfoil can be traced out in a time comparable to that
required for a small number of time-response calculations.

I. Introduction

C OMPUTATIONAL fluid dynamics (CFD) has matured to the
point where it is being applied to complex problems in external

aerodynamics. Aeroelastic analysis relies on high-fidelity predic-
tions of aerodynamics, particularly for phenomena associated with
shock motions or separation. These two observations have moti-
vated the development of CFD-based aeroelastic simulation, a field
now being called computational aeroelasticity.

Developments in computational aeroelasticity have mainly been
focused on time-marching calculations, where the temporal re-
sponse of a system to an initial perturbation is calculated to de-
termine growth or decay, and from this to infer stability. This type
of simulation has developed significantly in the past decade, with ef-
forts concentrating on mesh movement, load and displacement trans-
fer between the aerodynamic and structural grids,1 and sequencing
of solutions.2,3 Recent and impressive example calculations have
been made for complete aircraft configurations.4,5

The time-marching method will remain a powerful tool in com-
putational aeroelasticity because of its generality. However, the cost
of these calculations motivates attempts to find quicker ways of
evaluating stability while still retaining the detailed aerodynamic
predictions given by CFD. One way of doing this is to boil down
the CFD into a reduced-order model that still retains the essence of
the aerodynamics. Various approaches have been proposed, with an
expansion of the flowfield in a truncated series of modes derived
from proper orthogonal decomposition currently receiving much
attention.6

A second approach proposed by Morton and Beran from the U.S.
Air Force is to use dynamic systems theory to characterize the na-
ture of the aeroelastic instability and then to use this additional
information to concentrate the use of the CFD. Aeroelastic instabil-
ities that are commonly termed flutter are of the Hopf type, where
an eigenvalue of the system Jacobian matrix crosses the imaginary
axis at the flutter point. A model problem was used to evaluate the
approach7 in which the main difficulties associated with the method
(calculation of the Jacobian matrix, solution of the augmented sys-
tem by Newton’s method, solution of a large sparse linear system)
were considered. The method was applied to an aeroelastic system
consisting of an airfoil moving in pitch and plunge in Ref. 8. The
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linear system was solved using a direct method, and this motivated
the use of an approximate Jacobian matrix to reduce the cost. Some
robustness problems were encountered when applying the method,
particularly at transonic Mach numbers. A complex variable for-
mulation of the problem was introduced in Ref. 9, which resolved
some of these problems. An approach considered to reduce the dif-
ficulties of applying a direct solver to large linear systems was to
use domain decomposition to reduce the size of the system at the
expense of an outer iteration over the domains. This was tested on
the model problem in Refs. 7 and 9.

The main problems with applying the bifurcation technique can
be traced to using a direct solver for the linear system, both in terms
of the approximations to the Newton iteration to reduce the cost of
solving these systems and in the application to large problems. The
aim of the current work is to circumvent this problem by apply-
ing sparse matrix solvers. The paper continues with the CFD and
computational structural dynamics (CSD) formulation followed by
the formulation of the Hopf calculation. The two main challenges
for implementing the Hopf calculation are then considered, namely,
the generation of the Jacobian matrix and the solution of the linear
system. Based on results for these two topics, an iteration scheme is
proposed for the solution of the Hopf problem, and results are then
presented to illustrate the performance of the scheme.

II. Aerodynamic and Structural Simulations
The two-dimensional Euler equations can be written in conser-

vative form and Cartesian coordinates as

∂w f

∂t
+ ∂Fi

∂x
+ ∂Gi

∂y
= 0 (1)

where w f = (ρ, ρu, ρv, ρE)T denotes the vector of conserved vari-
ables. The flux vectors Fi and Gi are

Fi =




ρU ∗

ρuU ∗ + p

ρvU ∗

U ∗(ρE + p) + ẋ


 (2)

Gi =




ρV ∗

ρuV ∗

ρvV ∗ + p

V ∗(ρE + p) + ẏ


 (3)

In Eqs. (2) and (3), ρ, u, v, p, and E are the density, the two Carte-
sian components of the velocity, the pressure, and the specific total
energy, respectively. U ∗ and V ∗ are the two Cartesian components
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of the velocity relative to the moving coordinate system that has
local velocity components ẋ and ẏ, that is,

U ∗ = u − ẋ (4)

V ∗ = v − ẏ (5)

The flow solution in the current work is obtained using the Glas-
gow University code parallel multiblock (PMB). A summary of the
applications examined using PMB may be found in Ref. 10. A fully
implicit steady solution of the Euler equations is obtained by advanc-
ing the solution forward in time by solving the discrete nonlinear
system of equations

(
wn + 1

f − wn
f

)/
�t = R f

(
wn + 1

f

)
(6)

The term on the right-hand side, called the residual, is the discretiza-
tion of the convective terms, given here by Osher’s approximate
Riemann solver (see Ref. 11), MUSCL interpolation,12 and Van
Albada’s limiter. The sign of the definition of the residual is oppo-
site to convention in CFD, but this is to provide a set of ordinary
differential equations that follows the convention of dynamic sys-
tems theory, as will be discussed in the next section. Equation (6) is
a nonlinear system of algebraic equations. These are solved by an
implicit method,13 the main features of which are an approximate
linearization to reduce the size and condition number of the linear
system and the use of a preconditioned Krylov subspace method to
calculate the updates. The steady-state solver is applied to unsteady
problems within a pseudotime-stepping iteration.14

In this paper, the airfoil is allowed to move in pitch and plunge,
free of mechanical friction according to the equations

dws

dt
= Rs (7)

where

Rs =




1 0 0 0

0 1 0 1
2 xα

0 0 1 0

0 xα 0 1
2 r 2

α




−1 





0

(2/µsπ)Cl

0

(4/µsπ)Cm




−




0 −1 0 0

(2ωR/Ū )2 0 0 0

0 0 0 −1

0 0 2r 2
α

/
Ū 2 0


 ws




(8)

and ws = [h, ḣ, α, α̇]T , where h is the plunge and α the incidence.
Here rα = √

(Iα/m) is the radius of gyration defined in terms of
the pitch moment of inertia Iα and the airfoil mass per unit span
m, xα is the offset between the center of mass and the elastic axis,
µs = m/πρ∞b2 is the airfoil-to-fluid-mass ratio defined in terms of
the fluid freestream density ρ∞ and the semichord b, ωR is the ratio
of the natural frequencies of plunging to pitching, Ū is the reduced
velocity, and Cl and Cm are the lift and moment coefficients about the
elastic axis, respectively. These equations are solved by a two-stage
Runge–Kutta method.

The aerodynamic grid positions and speeds depend on ws . Be-
cause no airfoil deformation is present, the initial grid can be rotated
and translated according to

[
xi, j

yi, j

]
=

[
cos α sin α

−sin α cos α

][
x0

i, j − xea

y0
i, j − yea

]
+

[
xea

yea + h

]
(9)

where the superscript 0 indicates the initial position of the i , j th
grid point and the subscript ea indicates the location of the elastic
axis. The grid speeds can then be calculated from

[
ẋi, j

ẏi, j

]
=

[
α̇(yi, j − h)

−α̇xi, j

]
(10)

For coupled CFD–CSD calculations, the aerodynamic and struc-
tural solutions must be sequenced. For steady solutions, taking one
step of the CFD solver followed by one step of the structural solver
will result in the correct equilibrium. However, for time-accurate
calculations, more care must be taken to avoid introducing addi-
tional errors. The exact formulation used to avoid this is discussed
in Ref. 15.

III. Formulation of Hopf Analysis
Consider the semidiscrete form of the coupled CFD–CSD system

dw
dt

= R(w, µ) (11)

where

w = [w f , ws]T (12)

is a vector containing the fluid unknowns w f and the structural
unknowns ws and

R = [R f , Rs]T (13)

is a vector containing the fluid residual R f and the structural resid-
ual Rs . The residual also depends on a parameter µ, which is in-
dependent of w. In the case of the pitch–plunge airfoil, µ = Ū . An
equilibrium of this system w0(µ) satisfies R(w0, µ) = 0.

Dynamic systems theory gives criteria for an equilibrium to be
stable.16 In particular, all eigenvalues of the Jacobian matrix of
Eq. (11), given by A = ∂R/∂w, must have negative real part. A Hopf
bifurcation with respect to the parameter µ occurs in the stability
of the equilibrium at values of µ such that A(w0, µ) has one eigen-
value iω that crosses the imaginary axis. When the corresponding
eigenvector is denoted by P = P1 + iP2, a critical value of µ is one
at which there is an eigenpair ω and P such that

AP = iωP (14)

This equation can be written in terms of real and imaginary parts as
AP1 + ωP2 = 0 and AP2 − ωP1 = 0. A unique eigenvector is chosen
by scaling against a constant real vector S to produce a fixed complex
value, taken to be 0 + 1i . This yields two additional scalar equations
ST P1 = 0 and ST P2 − 1 = 0.

A bifurcation point can be calculated directly by solving the sys-
tem of equations

RA(wA) = 0 (15)

where

RA =




R

AP1 + ωP2

AP2 − ωP1

ST P1

ST P2 − 1




(16)

and wA = [w, P1, P2, µ, ω]T . If there are n components in w, then
wA has 3n + 2 components, as does RA. Hence, Eq. (15) is closed.
The catch is that this is a large sparse system of nonlinear equations.

Newton’s method can be used to solve this type of problem. A
sequence of approximations wn

A to a solution is generated by solving
the linear system

∂RA

∂wA
�wA = −Rn

A (17)

where �wA = wn + 1
A − wn

A. The Jacobian matrix on the left-hand side
of Eq. (17) is given in expanded form as

∂RA

∂wA
=




A 0 0 Rµ 0

(AP1)w A Iω (AP1)µ P2

(AP2)w −Iω A (AP2)µ −P1

0 ST 0 0 0

0 0 ST 0 0




(18)
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There are three key issues for the application of Eq. (17). First, a
good initial guess is required, or the iterations will diverge. Second,
the Jacobian matrix ∂RA/∂wA is required. Third, the large sparse
linear system given in Eq. (17) must be solved. These points will be
considered in the following sections.

One simplification arises if we are dealing with a symmetric prob-
lem, for example, a symmetrical airfoil at zero incidence.8 In this
case, the equilibrium solution w0 is independent of µ, and hence,
can be calculated from Eq. (11) independently of the other Hopf
conditions in Eq. (15). Then, a smaller system can be solved for the
bifurcation parameter given by

RA =




AP1 + ωP2

AP2 − ωP1

ST P1

ST P2 − 1


 (19)

with wA = [P1, P2, µ, ω]T . The Jacobian matrix in Newton’s method
then becomes

∂RA

∂wA
=




A Iω AµP1 P2

−Iω A AµP2 −P1

ST 0 0 0

0 ST 0 0


 (20)

For the rest of this paper we will concentrate on solving the sym-
metric problem.

IV. Calculation of the Jacobian Matrix
The difficult terms to form in the Jacobian matrix of the aug-

mented system are A and Aµ. The calculation of A is most conve-
niently done by partitioning the matrix as

A =




∂R f

∂w f

∂R f

∂ws

∂Rs

∂w f

∂Rs

∂ws


 =

[
A f f A f s

As f Ass

]
(21)

The block A f f describes the influence of the fluid unknowns on the
fluid residual and has by far the largest number of nonzeros for the
pitch–plunge airfoil problem. The fluid residual is calculated using
the Osher scheme, and the Jacobian matrix is calculated analytically
in two stages. First, the dependence of the Osher flux approximations
on the left and right states is calculated. Second, the dependence of
the left and right states on the local cell values is calculated from the
expression for the MUSCL interpolation. The chain rule can then
be used to calculate the required Jacobian. In two dimensions, there
are seven nonzero 4 × 4 blocks for every cell in the grid. In three
dimensions, there are 13 nonzero 5 × 5 blocks. The Jacobian cal-
culated in this way is referred to as second order throughout this
paper.

An approximate Jacobian matrix, referred to as modified order,
is also used in the iteration scheme defined later and has been used
with success to accelerate CFD-only calculations.17 The approxima-
tion is to equate the terms arising from a flux calculation associated
with cells to the left and right of an interface with the dependence
on the left and right states calculated from the MUSCL interpola-
tion. With this approximation, the number of nonzero contributions
arising from each flux calculation is reduced from four blocks to
two. This scheme is similar to calculating the exact Jacobian matrix
for a first-order spatial discretization, with the modification that the
MUSCL interpolated values at the interface are used in the evalua-
tion rather than the cell values that would be used for a first-order
spatial scheme.

The dependence of the fluid residual on the structural unknowns
is partially hidden by the notation used. The fluid residual depends
not only on the fluid cell values but also on the location of the
grid points themselves. The fluid and structural unknowns are in-
dependent variables, and hence, to calculate the term A f s the fluid

unknowns are kept fixed. The influence of the structural unknowns
is felt through the moving grid. For example, for an airfoil moving
in pitch and plunge, the grid is translated and rotated according to
the current values of the structural solution. In addition the resid-
ual also depends on the mesh speeds. The easiest way of computing
A f s is, keeping w f fixed, increment the structural unknowns in turn,
that is, α, α̇, h, and ḣ, update the grid locations and speeds, reeval-
uate the fluid residual, and use a finite difference to calculate the
Jacobian terms one column at a time. This requires ns fluid residual
evaluations where ns is the number of structural unknowns and is
relatively cheap if ns is small, as is the case for the pitch–plunge
airfoil.

The term As f essentially involves calculating the dependence of
integrated fluid forces on the fluid unknowns. For example, for the
pitch–plunge airfoil the fluid variables contribute to the structural
equations through the lift and moment coefficients. In turn, these
coefficients are calculated using the a linear combination of the
values of pressure in the two cells adjacent to the airfoil surface.
It is, therefore, straightforward to calculate the exact terms in the
Jacobian matrix.

Finally, the exact Jacobian matrix for the dependence of the struc-
tural equations on the structural unknowns is easy to calculate from
Eq. (8).

For the two-degree-of-freedom airfoil, the bifurcation parameter
(Ū in this case) only appears in the structural equations and in terms
involving the structural unknowns. Therefore, for this case,

Aµ =




0 0

0
∂2Rs

∂µ∂ws


 (22)

Because of the simple algebraic expression for ∂Rs/∂ws , it is
straightforward to calculate the required term analytically.

A simplification is used to reduce storage requirements for the
evaluation of the augmented residual, which requires the products
AP1 and AP2. This can be done using a matrix-free formulation as

Ax ≈ R(w + hx) − R(w − hx)

2h
(23)

where x denotes the real or imaginary part of the critical eigen-
value and h is the increment applied. Computing this expression is
not costly because it requires only two residual evaluations. This
gives a very accurate approximation to the required product with-
out having to evaluate and store A. Matrix A is required for the
left-hand-side coefficient matrix, but the modified-order approxi-
mation is used for this purpose, which reduces the storage. Hence,
using the matrix-free evaluation of the augmented residual reduces
the memory requirements for the scheme overall and simplifies the
code considerably. The use of automatic differentiation18 tools, with
some effort put into recoding the residual calculations, would allow
the required terms for the right-hand side to be evaluated exactly.
This should be considered for future versions of the code, although
the matrix-free calculation has been found to work effectively for
the current purpose.

V. Solution of the Linear System
The calculation of the Newton updates requires the solution of the

large sparse linear system in Eq. (17). Experience with solving CFD-
only problems19 shows that the system can potentially be solved
efficiently by Krylov subspace type iterative solvers (see Ref. 20).
The majority of the nonzero terms in the matrix are associated with
the eigenvector real and imaginary parts. Hence, initial experiments
for the linear solver were carried out for the system with coefficient
matrix

C =
[

A Iω

−Iω A

]
(24)

where the matrix A is evaluated at an equilibrium solution for the
NACA0012 airfoil at a freestream Mach number of 0.5 and zero
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incidence. The reduced velocity was chosen to be the bifurcation
value and ω the imaginary component of the critical eigenvector.
The calculations shown here were done on the medium grid, as de-
scribed later, and the matrix is of modified accuracy unless otherwise
stated.

For the formulation of the Newton iterations the matrix is pre-
sented in a block form, which is convenient for calculating, cod-
ing, and describing the various contributions to the iteration. These
blocks are not used in the linear solution, which operates on nonze-
ros in the matrix regardless of their origin. However, within the
Jacobian matrix A, there is also a natural block structure because
the discretization of the Euler equations is expressed cell by cell,
with four conserved variables in each cell. This means that A con-
sists of 4 × 4 blocks. For the discussion of the preconditioning of the
iterative solver, this latter block structure is either exploited, that is,
operations in the factorization are done on the 4 × 4 blocks, or it is
ignored, in which case operations are done directly on the elements
of the matrix. The former case is referred to as block and the latter
as pointwise.

The key issue for iterative linear solvers is usually the precondi-
tioner. The incomplete lower–upper (ILU) factorization family20 can
be very effective at approximating the inverse of the coefficient ma-
trix with a small number of terms. For CFD calculations, block ILU
(BILU) factorizations with no fill in have proved very successful.10

Here no fill in means that the factorization has the same sparsity
pattern as the coefficient matrix.

Because of the structure of the coefficient matrix and the previous
success of calculating effective preconditioners for matrix A, initial
attempts focused on using a factorization of the matrix

[
A Iω

−Iω A

]
=

[
I 0

−ωA−1 I

][
A Iω

0 A + ω2 A−1

]
(25)

However, manipulating the term A + ω2 A−1 efficiently is not
straightforward (in particular, the requirement of the inverse of this
term), and so these efforts were abandoned. The BILU factorization
of the matrix C is calculated directly as opposed to being constructed
in terms of a factorization of A.

The sparse matrix package Aztec21 was used to carry out ex-
periments for the solution of this system. This package has three
main solvers available, namely, GMRES, CGS, and TFQMR, al-
though the differences in performance for the current problem were
found to be small. The last solver was found to work best for the
current problems, and so is used throughout this work. A variety
of preconditioners are also available including pointwise ILU, that
is, working on the elements, and BILU, working on the matrix in
its block structured form. Various levels of fill in can be generated
in the factorization. The pointwise ILU preconditioner allows re-
ordering to minimize the bandwidth by the reverse Cuthill McGee
(RCM) algorithm. This is not available for the BILU factorization.
Two different orderings have also been used for the matrix when
generated. The first lists all of the unknowns associated with the
real and then the imaginary parts of the eigenvector, and the second
orders the real and imaginary parts of the eigenvector components
associated with each cell in the grid consecutively, referred to as
block reordering. The sparsity patterns for these two orderings and
the RCM reordering are shown in Fig. 1 and verify that the RCM
reordering is effective in minimizing the bandwidth of the matrix.

Various calculations were carried out with the test matrix. First,
the value of ω was set to zero to obtain a system that is close to that
of the CFD–CSD-only problem. Second, the problem was solved
with the correct value for ω and with the various orderings for ILU
and BILU factorizations. Finally, one of these cases was rerun with
a second-order Jacobian matrix for A. The results are summarized
in Fig. 2. First, the system with ω set to zero was most easily solved,
and the performance of the iterative solver in this case is comparable
with previous experience for the CFD–CSD-only system. The RCM
reordering makes the largest difference between all of the options for
the modified-order matrix, but the performance for all three order-
ings is similar. Also, the ILU and BILU factorizations give similar
convergence behavior. Finally, the second-order system does not

a) Consecutive ordering

b) Block reordering

c) RCM reordering

Fig. 1 Sparsity patterns for various orderings of the augmented
system.

converge when using preconditioning with no fill in. For compari-
son, a calculation was run using level one fill in for the factorization.
This results in about 10 times the number of terms being generated
in the factorization, which means it is a better preconditioner but is
much more expensive to calculate and use. Although the level-one
preconditioned system required fewer iterative steps to converge, the
CPU time required for the level-one solution was around 20 times
longer, and the memory required is an order of magnitude higher.
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Fig. 2 Convergence histories for TFQMR solution of augmented system using several preconditioning options.

The following conclusions were drawn for the solution of the
linear system:

1) The preconditioning for the augmented system cannot easily
be based on factorizations of A alone.

2) The augmented linear systems are significantly more difficult
to solve than CFD–CSD-only systems.

3) The second-order Jacobians cannot be solved with zero fill in
preconditioners, whereas the modified-order Jacobians can.

4) Using RCM reordering marginally improves the convergence
rate.

VI. Iteration scheme for Flutter Boundaries
We are free to make any approximations to the coefficient ma-

trix on the left-hand side of Eq. (17) that still lead to a convergent
iteration scheme. Approximations will tend to reduce the rate of
convergence (and in particular will lead to the loss of quadratic con-
vergence). However, the potential gain if the linear system is made
easier to solve can outweigh this effect. This has been exploited
for CFD solvers where, for example, the Jacobian matrix associated
with a first-order spatial scheme has been used to drive a higher-
order scheme to convergence.17 The advantages are, first, the linear
system is much better conditioned and can be solved in a smaller
number of iterations, second, the number of nonzero blocks in the
matrix is reduced by a factor of 7/13, and, finally, because the sten-
cil is reduced, parallel communication is also reduced during the
linear solve. For inviscid flows around airfoils, a reduction in the
time to convergence for a CFD-only solver by a factor of four has
been achieved.17

The results from the tests on the linear solver suggest that the
linear system associated with the second-order Jacobian matrix is
too badly conditioned to be solved efficiently by the methods used
here. The modified-order Jacobian is, therefore, considered as a
replacement. This means that the iteration scheme is given by

∂R̄A

∂wA
�wA = −Rn

A (26)

where

∂R̄A

∂wA
=




Ā Iω ĀµP1 P2

−Iω Ā ĀµP2 −P1

ST 0 0 0

0 ST 0 0


 (27)

Here

Ā =
[ ¯A f f A f s

As f Ass

]
(28)

where ¯A f f is the modified-order fluid Jacobian as described earlier.
The starting solution for the iteration is likely to be important.

We assume that the method will be used to trace out a stability
boundary for varying values of a parameter, which in the current
work is the freestream Mach number. At low values of Mach number,
linear aerodynamic theory gives a good estimate of the bifurcation
parameter and frequency of the unstable solution (the critical µ and
ω). Alternatively, time-marching calculations can be used to find
these values at one Mach number. We adopt the notation that the
nth approximations to the critical values at the kth Mach number Mk

∞
are denoted by µn,k and ωn,k and the converged values by µk and ωk .
With this notation, the chosen values for µ1,1 and ω1,1 are assumed
to be good estimates to µ1 and ω1. Also, the converged values at the
previous Mach number give a reasonable initial guess for the next
one, that is, µ1,k + 1 = µk and ω1,k + 1 = ωk are satisfactory starting
values at Mk + 1

∞ .
The initial guess for the eigenvector is crucial to obtaining con-

vergence. If a good estimate for an eigenvalue is known, then the
inverse power method can be used to calculate the corresponding
eigenvector.22 For a matrix A, the inverse power method iteration is
given by

(A − iωs I )Pm = xm − 1
p (29)

xm
p = Pm

/‖Pm‖∞ (30)

This iteration converges to the eigenvector P, which corresponds to
the eigenvalue in the spectrum of A that is closest to iωs . Writing
out the system in Eq. (29) in real form leads to a coefficient matrix
of the form given in Eq. (24), and so the linear system to be solved is
close to that of the augmented system. Therefore, the eigenvector is
calculated for the modified-order Jacobian Ā to again allow easier
solution of the linear system. The power method is used to generate
the initial approximation to the critical eigenvector at the first Mach
number. At subsequent Mach numbers, the converged eigenvector
from the previous one is used as the initial guess.

Because the Jacobian matrix has been approximated, it is inter-
esting to see if additional approximations can be made, particularly



888 BADCOCK, WOODGATE, AND RICHARDS

because it has already been seen that the linear system without the
Iω terms in the off-diagonal blocks is much easier to solve. In ad-
dition, the part of one of these terms corresponding to the fluid
unknowns was set to zero in Ref. 8 to allow for a more efficient
direct solution of the linear system. Experiments were carried out to
solve the augmented system at one Mach number (0.5) with various
combinations of these terms left out. The convergence rates omitting
neither (full), −Iω (lower), Iω (upper), and both of these terms is
shown in Fig. 3. For the case when one of the terms is omitted, the
iteration fails to converge. When both terms are omitted, the itera-
tion converges but to the wrong value of µ. Hence, it appears that in
general making further approximations to the augmented Jacobian
adversely effects the performance of the scheme.

The iteration scheme for calculating the bifurcation behavior at a
new Mach number Mk

∞ is, therefore, as follows:
1) Calculate Ā at the converged fluid–structure steady state (all

of which except Ass are independent of µ due to symmetry).
2) Set starting values for the iteration as ω1,k = ωk − 1,

µ1,k = µk − 1, and P1,k = Pk − 1.
3) Solve Eq. (26) and update solution by wn + 1,k

A = wn,k
A + ψ�wA,

where ψ is a relaxation parameter chosen to be between 0 and 1,
repeating until convergence.

VII. Results for Symmetric Problem
The test problem considered to illustrate the performance of the

proposed scheme is for the NACA0012 airfoil at zero incidence.
The parameters for the structural model are given in Table 1. Two
cases are considered for varying airfoil mass. The first, called the
light case, has µs = 10, and the second, called the heavy case, has
µs = 100.

The starting grid used for the calculations is of C topology and has
257 points wrapped around the airfoil and 65 points normal (shown

Table 1 Structural model parameters

Parameter Value

rα 0.539
xα −0.2
ωR 0.343
µs 100.0 (heavy case)
µs 10.0 (light case)
xea 0.4
yea 0.0

Fig. 3 Comparison of convergence rate for retaining various combinations of Iω terms in augmented Jacobian matrix.

in Fig. 4). The mesh is divided into three blocks for the solver, and
the block boundaries are indicated in Fig. 4, running normal and
streamwise from the trailing edge. The far field is located 15 chords
away, and the first spacing on the airfoil surface is 100th of the
chord. A medium grid was defined by taking every second point in
each direction, a coarse grid by taking every fourth point, and a very
coarse grid by taking every eighth point.

To check the mesh used, a steady-state calculation was made for
zero incidence and M∞ = 0.8, and the results on the fine and medium
grids are shown in Fig. 5 and agree closely, with only minor differ-
ences in the shock resolution. These results give confidence in the
medium grid, which is mainly used for the bifurcation calculations.

A check on the augmented solver can be made for the very coarse
grid by computing, using MATLAB® for the light case, the com-
plete eigenvalue spectrum of A at fixed values of µ. The computed
augmented solution on this grid and for a Mach number of 0.5 is
µ = 1.6311. The eigenspectrum for values of µ of 1.62, 1.6311, and

Fig. 4 Fine mesh for NACA0012 airfoil.
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Fig. 5 Comparison of pressure distribution for NACA0012 airfoil at
zero incidence and M∞ = 0.8 on the coarse and fine grids.

1.64 are plotted on various scales in Fig. 6. The critical eigenvalue
crosses the imaginary axis at the value computed by the augmented
solver, providing confirmation of the solver.

The scheme proposed in the preceding section was first used to
compute the stability boundary for the light case between Mach
numbers of 0.5 and 0.95. This range includes transonic effects. The
initial values for µ and ω were found from time-marching calcula-
tions at the first Mach number. The bifurcation calculation was first
made on the coarse grid for Mach number steps of 0.05 and then
on the medium grid for similar steps. These calculations indicated
that the behaviour in the region 0.8–0.95 had not been resolved
adequately, and the resolution here was increased to steps of 0.01
on each grid. The resulting stability boundaries on the two grids
are compared in Fig. 7 and are in good agreement. The augmented
residual was reduced by 3–4 orders of magnitude, with up to 20 steps
per Mach number used. This was sufficient to converge the bifurca-
tion parameter to five significant figures and so is very conservative.
The convergence behavior in terms of the original calculation on the
medium grid is shown in Fig. 8, where the reduction in residual and
the convergence of µ is shown as a function of the augmented solver
iteration. The residual of the linear solver was reduced by two orders
at each augmented step. On average this means that 30 Krylov steps
are required per linear solve, partly due to the plateau encountered
at the start of each solve. Hence, there is scope for improving on the
current performance by modifying the preconditioner and relaxing
the convergence criteria. Nevertheless, the stability boundary using
the initial 10 Mach numbers was traced out for the medium mesh in
4500 CPU s on a 1-GHz processor. An additional 20 Mach numbers
were calculated in 7578 s.

The main cost of the direct solution is divided almost evenly
between the CFD–CSD calculation of the steady state and the aug-
mented solution. The cost of calculating the flutter point is about

a) Complete spectrum

b) Medium view

c) Closeup view

Fig. 6 Eigenspectrum for quoted values of µ on a very coarse grid at
a Mach number of 0.5.

equivalent to a CFD steady-state calculation at each Mach number.
To put this in perspective, each time-marching calculation requires
about 3300 s on a 1-GHz processor to compute four cycles of the re-
sponse. Four cycles indicates whether or not a solution is diverging
for simple problems such as the current one but may be insufficient
to see the behavior for a complex system that involves a larger num-
ber of frequencies. Care was taken to ensure convergence of these
solutions with respect to the time step. Two sets of tests were carried
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Fig. 7 Comparison of stability boundaries for the light case on the
coarse and medium grids.

out. First, the convergence of the time histories with regard to the
pseudotime-stepping tolerance was examined, and it was found that
the residual had to be reduced by three orders of magnitude at each
real time step, leading to between six and eight pseudoiterations.
Second, a time-step convergence study was carried out, and again
to achieve a converged prediction of the growth of the response,
a time step of 0.125, corresponding to about 120 real time steps
per pitching cycle, was required. It is considered that there is lit-
tle scope for speeding up the time-marching calculations using the
current solver because the number of time steps required is fixed by
accuracy requirements and not solver requirements such as stabil-
ity. For each Mach number, at least three time-marching calculations
are required to locate the flutter speed, and several more would be
required to locate the value to five significant figures. The behavior
of the time-marching responses at conditions chosen to straddle the
stability boundary are compared with the direct boundary in Fig. 9
on the medium grid and are in close agreement.

The heavy case proved more challenging for the augmented
solver. This case has stability up to larger values of µ but also has
two regions of high gradients in the transonic region of the µ–Mach
stability curve. The initial calculations on the coarse grid success-
fully traced the curve over the entire Mach range and then for refined
resolution in the transonic range, as for the light case. However, the
augmented calculations on the medium grid diverged at the two val-
ues of Mach number (0.83 and 0.89) with maximum change in µ.
The solution to this was to calculate the three regions separately,
starting from information obtained on the coarse grid. The agree-
ment between the calculations on the two grids is shown in Fig. 10
and again is close. The comparison with selected time-marching
calculations is shown in Fig. 11 and again shows consistency. The
costs of the calculations are as for the light case.

a) Convergence of µ

b) Convergence of residual

Fig. 8 Convergence at different Mach numbers for the light case on
the medium grid.
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Fig. 9 Comparison of stability boundary for the light case on the
medium grids with time-marching results.

Fig. 10 Comparison of stability boundaries for the heavy case on the
coarse and medium grids.

Fig. 11 Comparison of stability boundary for the heavy case on the
medium grids with time-marching results.

VIII. Conclusions
A new iteration scheme for the direct calculation of aeroelastic

instability boundaries has been proposed. The scheme builds on the
original work of Morton and Beran by, first, using an iterative sparse
linear solver to improve on the cost of direct methods and, second,
approximating the Jacobian matrix in the iteration scheme without
overly disrupting the convergence or robustness of the scheme. To
improve robustness the inverse power method is used to obtain a
starting solution for the critical eigenvector.

The method has been tested on a symmetric pitch–plunge airfoil
problem. The stability boundary at zero incidence and 10 Mach
numbers on the medium grid was traced out by the direct scheme
in less than 1 h on a 1-GHz processor. There is scope for reducing
this cost by relaxing the convergence criteria and by improving
the preconditioning. In any case, the method already only requires a
time to calculate the stability boundary at each Mach number, which
is similar to a steady-state CFD calculation. The whole boundary
defined at 25 Mach numbers requires the time needed for about three
to four time-marching calculations. There appears to be little scope
for reducing the cost of the time-marching calculations further.

Some difficulties were encountered with the basic continuation
strategy used, which did not allow different branches on the stability
curve to be traced automatically for the heavy case. With use of
information from the coarse grid, the different braches of the solution
were traced separately. Some work is required on this problem.
However, it would be a lengthy business to map out the curve in all
its detail using time marching.

The method has been developed with a view to generalization.
First, building the CFD–CSD equation into the iteration loop to
compute nonsymmetric problems is not likely to contribute greatly
to the cost. The simplest approach is to iterate between the equi-
librium calculation that provides a Jacobian matrix and the direct
solver that provides the bifurcation parameter. The cost of this, es-
pecially because the previous equilibrium can be used to restart
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the coupled static solution and the previous critical eigenvectors to
restart the direct solution, is likely to be low. Second, incorporating
a grid movement technique to account for deforming geometries is a
small modification, which has already been done based on transfinite
interpolation. The extra Jacobian terms arising from the dependence
of the fluid residual on the structural solution through the mesh de-
formation can be calculated by a combination of analytical terms
and finite differences, although it has not been necessary to exploit
this in the current paper. Finally, the Krylov linear solver techniques
are practical for three-dimensional problems, and this extension will
be reported in a future paper.
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